Left-handed metamaterials make perfect lenses that image classical electromagnetic fields with significantly higher resolution than the diffraction limit. Here we consider the quantum physics of such devices. We show that the Casimir force of two conducting plates may turn from attraction to repulsion if a perfect lens is sandwiched between them. For optical left-handed metamaterials this repulsive force of the quantum vacuum may levitate ultrathin mirrors.
Left-handed metamaterials [1, 2] are known to make perfect lenses [3] that image classical electromagnetic fields with higher resolution than the diffraction limit. Here we consider the quantum physics of such devices, in particular how they modify the zero-point energy of the electromagnetic field and the resulting mechanical force of the quantum vacuum, the Casimir force [4, 5, 6, 7, 8] . We show that the Casimir force of two conducting plates may turn from attraction to repulsion if a perfect lens is sandwiched between them. For optical left-handed metamaterials [9, 10, 11, 12] , this repulsive force of the quantum vacuum may levitate ultra-thin mirrors on, literally, nothing. The usually attractive vacuum forces [5] , the Casimir and the related vander-Waals force [5] , are significant on the length scale of nanomachines [8] ; so ideas for manipulating vacuum forces may find applications in nanotechnology.
Repulsive Casimir forces [13, 14, 15, 16, 17, 18, 19] have been predicted to occur between two different extended dielectric plates, in the extreme case [14] between one dielectric with infinite electric permittivity ε and another one with infinite magnetic permeability µ. They have not been practical yet and are subject to controversy [16, 17] . The closely related case of repulsive van der Waals forces has been studied as well [20] . Here we consider a different situation inspired by Casimir's original idea [4] : imagine instead of two extended dielectric plates two perfect conductors with a metamaterial sandwiched in between for which ε = µ = −1 ( Fig 1A) . Such materials can be made of nanofabricated metal structures [9, 10, 11, 12] . One of the conducting plates may be very thin and movable, which gives a key advantage in observing repulsive vacuum forces.
In the following we develop a visual argument why the Casimir force in this set-up is repulsive. We utilize the fact that a slab of a metamaterial with ε = µ = −1 acts as a transformation medium [21] . Transformation media [22, 21] map electromagnetic fields in physical space to the electromagnetism of empty flat space. Such media are at the heart of macroscopic invisibility devices [22, 23, 24, 25] . Electromagnetic analogues of the event horizon [26, 27] are also manifestations of transformation media [21] .
A transformation medium performs an active coordinate transformation: electromagnetism in physical space, including the effect of the medium, is equivalent to electromagnetism in transformed coordinates where space appears to be empty, see Appendix C. The sole function of the device is to facilitate this transformation. For example a metamaterial with ε = µ = −1 of thickness b (Fig 1A) transforms the Cartesian coordinate x into x ′ as [21] ( Fig 1B) x
(
This transformation property of the medium visually explains [21] that the material acts as a perfect lens [3] : the electromagnetic field in the range −b < x < 0 is mapped into x ′ , but x ′ has two more images in physical space, one inside the device and one in b < x < 2b. Since these are faithful transformations the images are perfect. Note that the transformed coordinate system {x ′ , y, z} is left-handed [21] within the material, which also explains why media with ε = µ = −1 create lefthanded electromagnetism [1, 2] . Hence they are called left-handed metamaterials. Suppose that this medium is sandwiched between a Casimir cavity of two perfect conductors with distance a ( Fig 1A) . We show in Appendix A that the electromagnetic modes of this cavity are modes in x ′ space with transformed plate distance ( Fig 1B) a ′ = |a − 2b| .
Suppose that a < 2b, i.e. the Casimir plates lie within the imaging range of the perfect lens. In this case, the cavity in physical space increases when the transformed cavity decreases. Consequently, the attractive Casimir force in transformed space turns into a repulsive force in physical space. In order to derive a quantitative result for the Casimir force, we note that the electromagnetic spectrum {ω ν } of the left-handed Casimir cavity is the spectrum of an empty cavity with distance a ′ where ν refers to all possible modes that fit into the transformed cavity, see Appendix A. Each mode corresponds to a quantum harmonic oscillator with ground-state energyhω ν /2. The total zero-point energy U(a ′ ), the sum of allhω ν /2, is infinite, but differences between U per area, U, for different plate distances are finite [5, 6, 7] . The gradient of the zero-point energy causes a force that becomes observable when one plate is movable, the Casimir force [4] . For empty cavities, this force is well-known and has been experimentally observed [8] . In our case, the cavity has an effective length of a ′ , but a mechanical length of a. We use the standard result for Casimir cavities [4] and obtain the force per area
In our argument we made the implicit assumption that the metamaterial performs the left-handed transformation (1) on electromagnetic modes over a sufficient frequency range. One finds from the regularization theory of the Casimir effect [5] , see Appendix B, that the dominant contribution to the Casimir force comes from modes with half wavelengths comparable to the cavity distance, which, in our case, is the transformed distance a ′ . So, as long as ε ∼ µ ∼ −1 for wavelengths comparable with 2a ′ , the Casimir force is repulsive. However, the force (3) will never diverge for a ′ → 0, when the perfect lens images the two plates into each other, because no medium can sustain ε ∼ µ ∼ −1 for arbitrarily short wavelengths [28] .
We may speculate how strong this repelling force of the quantum vacuum may become. We give a rough estimate that indicates that one might levitate one of the mirrors of the Casimir cavity ( Fig 2) . Suppose this mirror is a 0.5µm thin pure aluminum foil in vacuum (much thicker than the optical skin depth of aluminum such that it acts as a mirror.) On this foil, with density 2700 kg/m 3 , the Earth's gravity would exert a force per area of about 0.013N/m 2 . Assuming the left-handed medium operates for electromagnetic modes of around 1µm wavelength [9, 10, 11, 12] , the effective plate-distance a ′ of the transformed Casimir cavity can be as small as 0.5µm. In this case, the repulsive Casimir force (3) balances the weight of the aluminum foil: the foil would levitate, carried by zero-point fluctuations. Appendix A Modes. In order to describe the electromagnetic modes inside our set-up we employ the vector potential A in Coulomb gauge [29] in a quantization box of length L. First we write down the modes and then we show that they obey Maxwell's equations with the correct boundary conditions [30] . The Cartesian components of the vector potential are
where x ′ is given by equation (1). The amplitudes A x , A y and A z are constants; and so are the k x , k y and k z , the components of the wavevector k. In A x the plus sign applies in free space where ε = µ = 1 and the minus sign in the left-handed metamaterial where ε = µ = −1. In the following we consider the Maxwell equation
and the condition for the Coulomb gauge [29] ∇ · εA = 0 .
All other Maxwell equations are automatically satisfied. In free space, the Coulombgauge condition (A3) implies that the wavevector k is orthogonal to (A x , A y , A z ); the mode is transversal. We arrive at the identical transversality condition in the material, because in equation (A3) the change of sign in A x compensates for the sign change in the x derivative. Using the same trick one verifies that the modes obey the Maxwell equation (A2) in the material if they satisfy it in empty space, which is the case for the frequencies
At the interface between the metamaterial and empty space the modes must obey boundary conditions [30] : the normal component of D and B and the transversal components of E and H are required to be continuous. In terms of the vector potential [30] , the first condition amounts to the continuity of εA x and ∂A z /∂y − ∂A y /∂z and the second one to the continuity of A y , A z , µ −1 (∂A x /∂z − ∂A z /∂x) and µ −1 (∂A y /∂x − ∂A x /∂y). The conditions are satisfied, because the change of sign in the ε and µ in the material is compensated by the sign change in A x and the x derivative. Finally, we turn to the boundary conditions at the conducting plates of the Casimir cavity and the quantization box. Here the transversal components of the electric field are required to vanish [30] . This is the case if k x = lπ/a ′ , k y = mπ/L, k z = nπ/L where the l, m and n are integers and a ′ is given by equation (2) . Consequently, the spectrum of electromagnetic modes in a Casimir cavity surrounding a left-handed metamaterial is identical to the spectrum of an empty cavity with effective length a ′ .
Appendix B
Casimir potential. We outline a version of the standard derivation [5] of the Casimir potential, assuming that the left-handed metamaterial operates correctly for wavelengths comparable with 2a ′ and taking the limit of an infinite quantization box L → ∞. Consider the difference between the total zero-point energy U(a ′ ) at effective plate-distance a ′ and U(∞) for a ′ → ∞. We include deviations from the spectrum ω ν of a perfect cavity by writing
The function θ accounts for the deviations; θ must vanish in the high-frequency limit where all materials are transparent, including the conductors of the cavity plates; and we require that θ ∼ 1 for k x ∼ π/a ′ . The mode index ν refers to the triple (l, m, n) and the polarization. In the limit L → ∞ we replace the m, n summations by k y , k z integrations in polar coordinates and for a ′ → ∞ the remaining summation by an integration over l as well. When l = 0 two polarizations exist (two solutions of the transversality condition) but only one for l = 0. Taking all this into account we obtain
We denote derivatives of I with respect to l by primes and evaluate I ′ (l) near l ∼ 1, i.e. for k x ∼ π/a ′ where we have assumed that θ ∼ 1. We obtain I ′ (l) ∼ −2l 2 and continue this function to l → 0 where we apply the Euler-Maclaurin summation formula
Since all higher derivatives of I vanish at l = 0, we obtain the Casimir potential per area as
Although the total zero-point energy U(a ′ ) is infinite, the derivative of U(a ′ ) with respect to a ′ is finite, giving rise to the finite force per area used in equation (3).
Appendix C: quantum optics in spatial transformation media
It is not a coincidence that a cavity filled with a perfect lens [3] acts as a transformed Casimir cavity, because a perfect lens operates as a transformation medium for classical electromagnetic fields [21] . Here we consider the quantum optics of spatial transformation media in general.
Bi-anisotropic media.-The quantum theory of light in isotropic media has been the subject of an extensive literature [26, 31, 32] , left-handed media have been studied [33, 34, 35] with respect to their modification of the spontaneous emission of atoms, but not transformation media in general. Such media are bi-anisotropic: both the electric permittivity ε and the magnetic permeability µ are real symmetric matrices that may spatially vary. Following Knöll, Vogel, and Welsch [36] and Glauber and Lewenstein [29] , we develop a concise quantum theory of light in non-dispersive bi-anisotropic media. Then we show how the quantum optics of transformation media emerges from this theory.
Consider quantum electromagnetism in media with the constitutive equations in SI units
Throughout this paper we denote vectors in bold type. The Hamiltonian, the quantum operator of the electromagnetic energy in such media, is [28] 
In the absence of any external charges and currents [36, 29] , we employ the operator A of the vector potential in order to describe the electromagnetic field as
In Coulomb gauge [29, 37] ,
Maxwell's equations are naturally satisfied, except
The quantum field A shall obey both the Coulomb and Maxwell equations (C4) and (C5). Additionally, we postulate the fundamental equal-time commutation relation
where δ T (r 1 , r 2 ) denotes the transversal delta function [29, 37] that is consistent with the Coulomb gauge (C4). One may motivate the commutation relation (C6) by requiring that both the relation E = −∂ A/∂t and the Maxwell equation (C5) should follow from the Hamiltonian (C2) in the form
Alternatively, the canonical quantization procedure [37] of classical electromagnetism in media [28] leads to the commutation relation (C6).
Since the Coulomb-Maxwell equations (C4) and (C5) are linear, we can expand A in terms of a complete set of modes A k (r, t) that obey the classical field equations (C4) and (C5),
The mode functions A k (r, t) describe the classical aspects of the electromagnetic field, for example electromagnetic wave packets propagating in space and time through the medium, whereas the operatorsâ k andâ † k are constant and describe the quantum excitations of the field, the photons. In order to discriminate between photons with different quantum numbers k, we employ the scalar product
where the D are connected to the A by the classical constitutive equations (C1) and (C3). The modes may evolve in time, but their scalar product remains conserved, because
together with the matrix symmetry of ε and µ in the constitutive equations (C1), implies that the time derivative of (A 1 , A 2 ) vanishes. We require
use these orthonormality conditions to extract the mode operators from the expansion (C8) asâ k = (A k , A) andâ † k = −(A * k , A), and obtain from the fundamental field commutator (C6) the Bose commutation relations
Like light in free space, light in a bi-anisotropic medium consists of electromagnetic oscillators with the annihilation and creation operatorsâ k andâ † k . The photons are the quanta of the independent degrees of freedom of the electromagnetic field. As we have seen, their fundamental character is not influenced by the medium. However, the physics of the medium is important in identifying the photons via the scalar product (C9) and the mode functions A k (r, t) naturally depend on the medium.
For stationary modes with frequencies ω k the Hamiltonian (C2) appears aŝ
a sum of harmonic-oscillator energies, including the zero-point energieshω k /2. The frequencies ω k depend on the medium and the boundary conditions. The total zeropoint energy U is infinite, but the derivative of U with respect to the boundaries is finite [4, 5, 6, 7] : giving rise to the Casimir force [4] Spatial transformation media.-Suppose that the electric permittivity ε and the magnetic permeability µ in Cartesian coordinates x i are given by the matrices
The coordinates x i and the scalars ε ′ and µ ′ are functions of some transformed coordinates x ′j . In regions where the coordinates agree, J reduces to the unity matrix; and so ε ′ and µ ′ directly describe the dielectric properties of the medium here. For example, we model the metallic plates of the Casimir cavity of Fig. (1) by slabs of negative ε ′ and µ ′ = 1 with ε ′ → −∞ in the limit of perfect conductance [28] . In the following we show that the quantum optics of the general medium (C14) in physical space is mapped, in the primed coordinates, to quantum electrodynamics in the presence of a dielectric with ε ′ and µ ′ , for the transformed vector potential
First we write ε and µ −1 in component representation,
These are the constitutive equations of spatial transformation media [21] expressed in terms of the spatial metric γ ij , the matrix inverse of γ ij . The ± sign distinguishes between right and left-handed coordinate systems where the Jacobian detJ is positive or negative, respectively. Left-handed systems thus correspond to left-handed materials [2] where the eigenvalues of ε and µ are negative [21] . For example, the transformation (1) corresponds to the Jacobian matrix J = diag (−1, 1, 1) with detJ = −1 (C17) inside the material where, according to our theory (C16),
Conversely, a material with the electromagnetic properties (C18) establishes the locally left-handed spatial transformation (1) . We also see that the Jacobian (C17) changes the sign of the x component of the vector potential, in agreement with the expressions (A1) for the modes of the left-handed Casimir cavity. Quantum electrodynamics in bi-anisotropic media is characterized by the vector potential A subject to both the Coulomb gauge (C4) and the Maxwell equation (C5). We express the Coulomb-gauge condition as
which is the covariant form of the 3D divergence [38] if we interpret γ ij as the metric tensor of physical space: the physical Cartesian coordinates x i appear as the backtransformed primed coordinates x ′j of a space where the metric tensor γ ′ ij is the unity matrix; the transformed space is flat. Consequently, we obtain here
Now we turn to the Maxwell equation (C5). We apply the constitutive equation (C1) for D with the electric permittivity (C16) and write the electric field in terms (C3) of the vector potential,
Then we express the components of the curl in terms of the 3D Levi-Civita tensor ǫ ijl for the spatial geometry characterized by the metric tensor γ ij [38] ,
We invert the constitutive equations (C1) for B using the representation (C16) of µ −1 in terms of the metric tensor,
apply the matrix γ ij to H and, like in equation (C22), represent B as the curl of A in covariant form [38] ,
Equations (C21), (C22), and (C24) combined are covariant, such that we obtain in transformed space
Consequently, the Coulomb-Maxwell equations (C20) and (C25) for the transformed quantum field A ′ are the ones of flat space filled with a medium of permittivity ε ′ and permeability µ ′ . All the other building blocks of the quantum theory of light in transformation media, the Hamiltonian (C2), the field commutator (C6), and the scalar product (C9), are naturally covariant and are therefore mapped to flat space, too.
Conclusions.-We developed the quantum theory of light in dispersion-less bianisotropic media. The theory shows how transformation media [21, 22] map quantum optics in physical space to the quantum electromagnetism in flat space. Even in the extreme case when the electromagnetic field is in the vacuum state, when literally nothing appears to be mapped to nothing, transformation media may cause surprising physical effects: we argued that the Casimir force in left-handed materials [1, 2] may be negative.
